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CHARACTERS OF INTEGRABLE HIGHEST WEIGHT 
MODULES OVER A QUANTUM GROUP 

TOSHIYUKI TANISAKI 


Abstract. We show that the Weyl-Kac type character formula 
holds for the integrable highest weight modules over the quantized 
enveloping algebra of any symmetrizable Kac-Moody Lie algebra, 
when the parameter q is not a root of unity. 


1. Introduction 

It is well-known that the character of an integrable highest weight 
module over a symmetrizable Kac-Moody algebra g is given by the 
Weyl-Kac character formula (see Kac ®t In this paper we consider the 
corresponding problem for a quantized enveloping algebra (see Kashi- 
wara [?]). 

For a field K and 0 e K x which is not a root of 1, we denote by 
Ur,z(q ) the quantized enveloping algebra of g over K at q — z, namely 
the specialization of Lusztig’s Z[g, g~ * 1 ]-form via q t->- z. It is already 
known that the Weyl-Kac type character formula holds for Uk.z(q) in 
some cases. When K is of characteristic 0 and z is transcendental, this 
is due to Lusztig [TO] - When g is finite-dimensional, this is shown in 
Andersen, Polo and Wen [T]. When g is affine, this is known in certain 
specific cases (see Chari and Jing [2], Tsuchioka [15]). 

We first point out that the problem is closely related to the non¬ 
degeneracy of the Drinfeld pairing for Uk, z (q)- hi fact, assume we 
could show that the Drinfeld pairing for Uk, z {q) is non-degenerate. 
Then we can define the quantum Casimir operator. It allows us to 
apply Kac’s argument for Lie algebras in [6] to Uk, z (q), and we ob¬ 
tain the Weyl-Kac type character formula for integrable highest weight 
modules over Uk, z (q)- hi particular, we can deduce the Weyl-Kac type 
character formula in the affine case from the case-by-case calculation 
of the Drinfeld pairing due to Damiani 0, St 

The aim of this paper is to give a simple unified proof of the non¬ 
degeneracy of the Drinfeld pairing and the Weyl-Kac type character 
formula for Uk, z {q), where g is a symmetrizable Kac-Moody algebra, 
K is a field not necessarily of characteristic zero, and z G K x is not 
a root of 1. Our argument is as follows. We consider the (possibly) 
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modified algebra Uk, 2 ( 0 ), which is the quotient of Uk, z {q) by the ideal 
generated by the radical of the Drinfeld pairing. Then the Drinfcld 
pairing for Uk, z {q) induces a non-degenerate pairing for t/jp 2 (g), by 
which we can define the quantum Casimir operator for Uk, z {q)- It 
allows us to apply Kac’s argument for Lie algebras to U /p 2 (g), and we 
obtain the Weyl-Kac type character formula for Uk, z (q) with modified 
denominator. In the special case where the highest weight is zero, 
this gives a formula for the modified denominator. Comparing this 
with the ordinary denominator formula for Lie algebras, we conclude 
that the modified denominator coincides with the original denominator 
for the Lie algebra g. It implies that the Drinfeld pairing for Uk, z (q) 
was already non-degenerate. This is the outline of our argument. In 
applying Kac’s argument to the modified algebra, we need to show that 
the modified denominator is skew invariant with respect to a twisted 
action of the Weyl group. This is accomplished using certain standard 
properties of the Drinfeld pairing. 

The first draft of this paper contained only results when K is of 
characteristic zero. Then Masaki Kashiwara pointed out to me that 
the arguments work for positive characteristic case as well. I would 
like to thank Masaki Kashiwara for this crucial remark. 


2. QUANTIZED ENVELOPING ALGEBRAS 

Let f) be a finite-dimensional vector space over Q, and let 
and {cq}i g / be linearly independent subsets of f) and f)*, respectively 
such that ((ctj, hi))ij(zi is a symmetrizable generalized Cartan matrix. 
We denote by W the associated Weyl group. It is a subgroup of GL( f)) 
generated by the involutions Si ( % G I) defined by Si(h) — h — (cq, h)hi 
for h G f). The contragredient action of W on [)* is given by Sj(A) = 
A — (A, /q)cq for i G /, A G f)*. Set 

= <5 = ^Zcq, Q + = ^ cq. 

iei iei i&i 


We can take a symmetric IK-invariant bilinear form ( , ) : E x E Q 
such that 

(2.1) 6 z>0 (i e I). 

For A g£ and % G / we obtain from (A, cq) = (sjA, s,cq) that 


( 2 . 2 ) 


(A, K) 


2(A,aj) 

(q^, q^) 


In particular we have 

Oij ) 




Qi') 
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and hence (Q, Q) C Z. For i G I set t* = hi, and for 7 = 

Y,i n iOii e Q set tj = By (E2D we have (A, 7 ) = (A,t 7 ) for 

A G E, 7 G Q. We fix a Z-form fj z of f) such that 

(2.3) (a„f)z)cZ, t: e t)z (i e /). 

We set 

P = {A g fj* | (A, f, z ) c Z}, P + = {A g P | (A, /q) g Z^ 0 }- 

We fix p £ [)* such that (p, hi) = 1 for any i G /, and define a twisted 
action of if on 1 )* by 

w o X = w (A + p) — p (w G lb, A G f)*). 

This action does not depend on the choice of p, and we have w o P = P 
for any w G W. 

Denote by £ the set of formal sums Cxe(A) (c\ G Z) such that 

there exist finitely many Ai,..., A r G P such that 

r 

{AgP| Ca ^0}c U(A k -Q + ). 

k =1 


Note that £ is naturally a commutative ring by the multiplication 
e(X)e(p) = e(A + p). 

Denote by A + the set of positive roots for the Kac-Moody Lie algebra 
5 associated to the generalized Cartan matrix (( aj,hi))ij e i. For a G 
A + let m a be the dimension of the root space of g with weight a. We 
define an invertible element D of £ by 

D= h[ (l-e(-a)r-. 

aeA+ 


For n G Z^ 0 set 

_ rjQ Tb 

[n\ x = '■ -— r G Z[x,a; _1 ], [n]\ x = [n\ x [n - 1]* ■ ■ ■ [1]* G "L[x,x~ 1 ]. 

We denote by F = Q(q) the field of rational functions in the variable q 
with coefficients in Q. 

The quantized enveloping algebra U associated to 1), {hi} ie j, {cq}j 6 /, 
( , ) is the associative algebra over F generated by the elements k h , 
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6j, fi (h 6 l) z , i e /) satisfying the relations 

(2.4) ko = 1, k h k h , = k h+h > 

(2.5) k h eik- h = qf i,h) ei 

( 2 . 6 ) k h fik_ h = q~ {ai,h) fi 

(2.7) e i f j -f j e i = S ij ki ~ k i 1 

1i - h 

(2.8) X (-I)'*! V!” = 0 

r+s=l—(aj,hi) 

(2.9) X (“I)'/77/7 = 0 

r+s=l—(aj,hi) 


(li, h! E f)z), 
( h E f)z, i E I), 
(h E t)z, i E I), 

(i,3 e /), 
(hJ e A 

(f,j E /, i ± j), 


where kt = k ti , = g ( a<,a< )/ 2 for i E I, and e[, 

for i E I, r E Z;> 0 . For 7 G <5 we set fc 7 = k t . 

We have a Hopf algebra structure of 17 given by 

(2.10) A(/c h ) = k h ® 


1 rr 


A(ej) = e* < 8 ) 1 + k t ® e i} A(/j) = fi ® k { 1 + 1 ® fi 


(2.11) e(A: h ) = 1, efe) = e(/») = 0, 

( 2 . 12 ) 5(4) = ^, S'(e i ) = —k^ei, 5^) = -/^ 

for h E \)z,i E I. We will sometimes use Sweedler’s notation for the 
coproduct; 

A(w) = ^ U(o) < 8 > M(i) (m G 17), 

( u ) 

and the iterated coproduct; 


A m (tt) = U(o) ® • • • <8> W(m) (« e 17). 

(fu)m 

We define F-subalgebras 17°, 17 + , 17“, 17=°, 17=° of U by 
U° = (k h \hE fj z ), f/ + = (e* | i G /), U~ = (f i \iE /), 
17=° = ej | h E f)z, * £ -0, = (fc/i, fi | h E f)z, i E I). 


For 7 e Q set 

C / 7 = {u e U | (/i G fj z )}, C / 7 = U 7 n f/ ± . 

Then we have 


f/° = ®F4, f/± = ® f/± 


± 7 " 

hefjz 7SQ+ 

It is known that the multiplication of U induces isomorphisms 

U = U + (g) U° <g> U~ ^ U~ ® U° < 8 ) I/ + , 

17=° = 17 + < 8 ) 17° = 17° < 8 ) 17 + , 17=° ®U° ®IT 




r^j 
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of vector spaces. It is also known that 

(2.13) Y, dimt/r 7 e(—7) = D~ l . 

7 eQ+ 

For a [/-module V and A G P we set 

V\ = {v EV \ k h v = q^ h) v (h G f) z )}. 

We say that a [/-module V is integrable if V = 0 AgP V\ and for any 

v G V and i G / there exists some N > 0 such that ef'^v = f- n> v = 0 
for n A iV. 

For j G / and an integrable [/-module V dehne an operator T t : V —>• 
Vby 

TiV= V (-l)yr<-+y<“)/f e W„ (irev,). 

— a-\-b—c=(X,hi) 

It is invertible, and satishes T t V\ = V Si \ for A G P. There exists a 
unique algebra automorphism T) :[/—>■ U such that for any integrable 
[/-module V we have T t uv = Tj(u)Tpj {u G U,v G V ). Then we have 
Ti{U 7 ) = U sa for 7 G Q. The action of T) on U is given by 

Ti(k h ) = k s . h , Tj(ej) = -fA, T^/*) = (h G f)z), 

T i( e i) = 5^ (-l) r ^ef ) e J e[ r) (jel,i^j), 

r+s=—{aj,hi) 

Ti(S,)= 

r+s=—(aj,hi) 

(see [HI Section 37.1]). 

The multiplication of U induces 

(2.14) [/+ = ([/+ n Ti([/ + )) ® F[e*] = F[e»] ® (f/ + D T" 1 ([/ + )), 

(2.15) [/" ^ ([/- n Ti([/-)) ® F[/J = F[/j] ® ([/- n T ” 1 ([/-)) 

(see mi Lemma 38.1.2]). Moreover, 

(2.16) A([/+ n Ti([/+)) C [/=° <8) ([/+ n Ti([/ + )), 

(2.17) A([/+ n 71 _1 ([/ + )) C [/°([/ + n T“ 1 ([/ + )) ® [/+, 

(2.18) A([[- n Tj([/“)) c ([/- n Ti([/-)) ® [/=°, 

(2.19) A([/- n 71 _1 ([/“)) C [7-0 [/°([/- n Ti-^t/-)) 

(see EH Lemma 2.8]). 

Set 

# [/° = 0FA; 7 C [/°, # [/=° = # [/°[/ + , # [/=° = # [/°[/-. 

7G Q 

They are Hopf subalgebras of U. The Drinfeld pairing is the bilinear 
form 


r : # [/=° x fl [/=° -A F 
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characterized by the following properties: 


(2.20) T{x,yiy 2 ) = {T®T){k{x),yi®y 2 ) (x G i U=°, y u y 2 G t U=°), 

(2.21) T(x 1 x 2 ,y) = (t® r)(x 2 ® ^l, A{y)) (m, x 2 G y G # f/=°), 

(2.22) r(k 1 ,k 5 ) = q(y,6 G Q), 

(2.23) r(ep /_,-) = -5^ - g," 1 ) -1 (i, J G I), 

(2.24) r(ei,fc 7 ) = r{k 1 J i ) = 0 (ieI,yeQ). 


It satisfies the following properties: 


(2.25) T(xk.„yk s ) = r(x,y)q (lv5) 

(2.26) T(K+,Cr { ) = {0} 

(2.27) r l; 7 +x[/" i s non-degenerate 

(2.28) r{Sx,Sy) = T{x,y) 


(x eU + ,y eU , 7,5 e Q), 

( 7 , 5 eg + , 7 ^ 5 ), 

(7 e Q + ), 
(x G 2/ G a 7/=°). 


Moreover, for x G y G ^C/-° we have 

(2.29) xy = E t(^( 0 ) , 2/(0) M^), 52/(2))2/(i)X(i), 

(^) 2 ,( l /)2 

(2.30) yx = E 'K'Sx(o), 2 /(o) Mx (2 ), 2 /( 2 ))aj(i) 2 /(i)- 

(*)2,(W)2 

(see [121 Lemma 2.1.2]). 

For i G / we define linear maps 

r i)± : t/ ± -A- f/ ± , r' )± : E/* ->• U* 

by 

A(x) Gri i+ (x)/ci ® e* + ^ U~° ®Uj (xeU + ), 

SeQ+\{ai} 

A{x) ee t k 7 _ ai ® r' ;+ (x) + ^ f/+f/° ® 27+ {x G 27+), 

5eQ+\{ai} 

A(y) Gry_(?/) ® fok 

- 7 + Q i E U~ ®Uz 5 U° (yeUZf), 

SeQ+\{ ai } 

a( y)G/ i ®<_( 2/ )fcr 1 + ^ uz s ®u^° (j/g£7-). 

<5eQ+\{a;} 
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We have 

(2.31) U + n T i (U+) ={u G U+ I t(u, U-fi) = {0}} 

={u G U + | r ii+ (u) = 0}, 

(2.32) f/+ n T~\U + ) ={u G 17+ | r(u, fiU~) = {0}} 

={u G U+ | r'» = 0}, 

(2.33) U~ n Ti(U~) ={u G U~ | r(U + e u u) = {0}} 

={u G U~ | r'_(u) = 0}, 

(2.34) U~ n Tr\U~) ={u G U~ | r(e^ + , u) = {0}} 

={u G U~ | rg _(w) = 0} 

(see (TT, Proposition 38.1.6]). 

' By (ESP, m. ID, (EBP, (ESP, (ESP, (1021), (CTh (E5S) we easily 
obtain 

n(n— 1)/2 

(2.35) r{xe™,yf?) =S mn r(x,y)-^- 1 -— [n]\ qi 

[Qi ~ Qi) n 

(x G U + n T,(C/+), y eu~ n T^LT)), 

n(n— 1)/2 

(2.36) r(e™x', f™y') =5 mn r(x', 2/')t%i -uW ! « 

(ft - %) 

Or' g u + n ^- 1 (c/+), 2 /' G tr n ^(tr)). 

We have also 

(2.37) T(x,y) =r(Tr'(x),T,-\y)) 

(xeu+n Ti(U + ),ye u~ n T,(u~)) 

(see (n.) Proposition 38.2.1], [TJJ Theorem 5.1]). 

3. SPECIALIZATION 

Let R be a subring of F = Q(q) containing A = 7L\q, g -1 ]. We denote 
by Ur the P-subalgebra of U generated by kh, ej , (.h G f)z,i G 

I, n A 0). It is a Hopf algebra over R. 

We define subalgebras Ur, U R , U R , U R °, uf { ° of Ur by 

u° R = u°n u Rl u± = u ± n u R , 

Ur = C/=° n Ur, uf = f /= 0 n Ur. 

Setting Ur^± = I /± 7 fl Ur for 7 G Q + we have 

Ur=(B U±r 

7SQ+ 
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It is known that Ur± is a free /t-module of rank dim U± 7 (see [HI 
Section 14.2]). Hence we have 

(3.1) rank i? (C/^_ 7 )e(- 7 ) = D~ l 

7G Q+ 

by TO. 

The multiplication of Ur induces isomorphisms 

u R cy ® t/» ® f/j = Ur ® t/» ® C/+, 

l/f ^ £7J ® C/£ = K ® U+, US° = Ur®U° r = U°r®Ur 
of /?,-modules. 

For i E I the algebra automorphisms T^ 1 : U —>■ U preserve Ur. 
Lemma 3.1. The multiplication of Ur induces isomorphisms 


(3.2) 

(3.3) 

(3.4) 

(3.5) 


c/+ = (c/+nr i (c/+))® fl ©Jfe. 


(n) 


K n =0 


Ui = ( © ReP I ® R (U* n T- 1 (C/+)), 


s. n=0 




(n) 


. n=0 


^ = I ©1 (U-R nT-'(^)). 


^ 72—0 


PROOF. We only show (13.21) . The injectivity of the canonical homo¬ 
morphism 

(U* n TJU+)) ®H ( ® Ref \ -3 U+ 

\n =0 / 

is clear. To show the surjectivity it is sufficient to verify that its image 
is stable under the left multiplication by e 1 for any j G / and n ^ 0 . 

If j 7 ^ i, this is clear since e ^ E Ur ft T{(Ur). Consider the case j = i. 
By (I2.3ip and the general formula 

r it+ (xx') = qf ' , r ii+ {x)x' + xr it+ (x') (x E U + , x' E Uy) 
we easily obtain 

XEU+H Ti(U + ) =► e iX - q^xei E U+ +ai D T,([/ + ). 

Now let x G UR r/ DT^Ur). Dehne Xk E U+ +ka . flTj(f/ + ) inductively by 

xq = x, Xk +1 = r fe+ \i (e^fc — ^ + 2 fc ^fcCi). Then we see by induction 
on n that 


(3.6) 


(n) 

e) x = 


E« 

k =0 


(n-fc)(( 7 ,a l v >+fc) (n—k) 
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or equivalently, 
(3.7) 


n— 1 

(n) (n-k)(( 7 ,aV)+fc) (n-k) 


rp - p' ' rp 

•A'n. W •A' 


EC 

Qi 


x k e. 


k =0 


We obtain from (13.7|) that x n G by induction on n. By T^Ur) = Ur 
we have x n G 1/^ fl Ti(U + ) = fl Ti{U^). It follows that e\ n \u ^ fl 
r,(c/J)) c EUoK n r,([/+)) e f by ». □ 

We set 

•u°n = ® RK c t/£, «t/|° = *U%U£, »C7|° = . 

7 eQ 

Define a subring A of F by 
(3.8) 

=Z[9,r 1 ,(9"-l)‘ 1 |n>0]. 

Then the Drinfeld pairing induces a bilinear form 

r k : # [/|° x *uf° -> A. 

A A A 

For 7 G Q + we denote its restriction to 17 x A7 by 

' ^ A,7 A,—7 ^ 

ri • £7 x f/u —>■ A. 

^>7 A,7 A,—7 

In the rest of this paper we fix a field K and z G K x which is not a 
root of 1, and consider the Hopf algebra 


A =Z[q, q \{q-q x ) \ [n\ q 1 | n > 0] 

1 ( jn i \—1 


(3.9) 


U, = K 0= Ui, 


where A —>■ Ji is given by q i—>■ z. We define subalgebras [/?, £/+, U z , 


U=°, U=° of 17, by 


U" = K® k Ul Uf = K® k Ul 
Uf = K® k uf, U=° — K uf°. 


T± 


For 7 G Q + we set Uf . t7 = K L7. Then we have 

^6h z 7GQ+ 

By (13. ip we have 

(3.10) dim t/“_ 7 e(— 7 ) = IT 1 . 

76 Q + 

Moreover, setting 

£4 >7 = { u eU z \ k h uk^ = z {l ’ h) u (h G f) Z )} (7 £ Q), 
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we have U± ±J = 17+ fl U zr/ since z is not a root of 1. The multiplication 
of U z induces isomorphisms 

(3.11) U z ^ U+ ® 17° <g> U~ ^ U~ ® 17° ® 17+, 

(3.12) U=° = 17+ ®U° Z = 17° <8)17+,. U=° ^ U~ ® U° z ^ U° z ® U~ 

of /h-modules. Here, ® denotes ®k- 
For a C4-module V and A G P we set 

V x = {v e V I k h v = z^ h \i (h e f)z)}. 

We say that a 17,-module V is integrable if V — 0 AeP V\ and for any 

v £ V and i £ / there exists some N > 0 such that e^v = f- n> v = 0 
for n E N. 

For i e / and an integrable 17 2 -module V define an operator T* : 
V -A H by 


Tj,v = 


E (-0 


b ^-ac+b^a) y ( b ) g( c ) v 


-a-\-b—c=(\,hi) 


(V e Ha), 


where = z^ ai,ai ^ 2 . It is invertible, and satisfies T)Va = HiA for A € P. 
We denote by T* : U z —» 17, the algebra automorphism of U z induced 
from Ti : —* 17^. Then we have T % {U Z ^) = 17 2)Si7 for 7 e Q. 

Lemma 3.2. The multiplication ofU z induces isomorphisms 


(3.13) 

(3.14) 

(3.15) 

(3.16) 


[7+ “ ((7+ n T.(C/+)) ® ( 0 Ke 


(n) 

» I ’ 


s, n=0 


c+ =4 ( ©Aef ) ® (UtnT-\Ut)l 


K n =0 


u~ = (U~ nT,(i/;))® 0 Kf, 


(n) 

* I ’ 


K n =0 


tv = ( ©A7.'”’ I ® (t/; nr; 1 )!/;)). 


K n=0 


PROOF. We only show (13.1311 . By Lemma [3.11 we have 


vt = (k ®i (t£ n D([rt-))) ® ® Aef 

\n=0 

By [/A fl Tj(17f) = [/A fl T i (17+) the canonical map K (17A fl 
Tj(!7A)) —> 17+ fl Tj(17+) is injective. Hence we have a sequence of 
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canonical maps 


t/+ Si (K ®i (Ut n T,(t/t))) ® ® I<e\ 


Sp) 


v n=0 




(C + n Ti(C/+)) ® ( ® Ke[ n) )->£/+. 


. n=0 


Therefore, it is sufficient to show that 


(£/+nr,(tC))® 



->ft 


is injective. This follows by applying T t to Uf~ ® £4“° = £/ 2 . □ 

We set 

«£/“ = K «£/?. »t/f = K ® k «tf, »t/f = A' ®i >£/f. 

They are Hopf subalgebras of £4. The Drinfeld pairing induces a bi¬ 
linear form 

t z : # £/=° x # £/=° -A A'. 

For 7 e Q + we denote its restriction to x U~_^ by 

A, 7 : £4^7 x £4,-7 


4. The modified algebra 
Set 

J+={x£Ut\r z (x,U-) = {0}}, 
J;={y£U;\T 2 (Ul,y) = { 0}}. 

For 7 e Q + we set 

— 7± n TJ^ 

J 2,±7 — A 11 U Z,±V 

By (12.261) we have 

(4.1) 4= ® 4t r 

76O+\{0} 

Define a two-sided ideal J z of U z by 

J z = U z JtU z + U Z J~U Z . 

Proposition 4.1. (i) We have 

A (J z ) c U z ® J z + J Z ® U z , e(J z ) = {0}, S(J Z ) c J z . 

(ii) Under the isomorphism U z = U+ <g> U z ® Ur ( resp. U z = U~ <8> 
U z ® Uf ) induced by the multiplication of U z we have 

J z ^ J+ ® u° z ® U~ + U+ <g> U° z ® J-, 

(resp. J z ^ J~ ® U° z ® Uf + U~ ® A 2 ° ® J+). 
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Proof, (i) It is sufficient to show 

(4.2) A (Jt) cJfW ® Ut + 'U}° ® Jt, 

(4.3) A( J~) c J~ ® »C/f + «C/- ® 

(4.4) E(Jf) ={0}, 

(4.5) S(Jf) Cj±»£/», 

By (12.251) we have 

yy=u e i Mx, u-) ={o}}. 

Hence in order to verify (14.21) it is sufficient to show 

t z (A(J+),U-®U-) = {0}. 

This follows from (12.201) . The proof of (14.31) is similar. The assertions 
(1 1.11) and (14.5)1 follow from (14.11) and (12.281) . respectively. 

(ii) It is sufficient to show 

(4 gj t±tt± _ rr± r± _ t± 

(4.7) 


J?Uf = UfJf = Jf, 


Jtuf = UfJt, 


<0 


JJU}° = Uf°j r. 


The assertion (14.61) follows from (12.201) . ()2.2ip . (12.251) . By (14.ip we have 
JfU£ = U®Jf. Hence in order to show (14. 7p it is sufficient to show 
j+tU=° = »[/=°./+ and J-*U=° = Let x G J+, y G By 

(TO) we have 

A 2 (x) 

G a H=° ® ® J+ + »£/=° ® ® + J+ # t4° (8) # H=° ® ut. 

Hence we have xy G i uf° Jt and yx G by (12.291) . (12.301) . It 

follows that J+“H=° = W=°,/+. The proof of J^U=° = Jjftj; is 
similar. □ 

By (12.351) . (12.361) . (I2.37p we see easily the following. 

Lemma 4.2. For i G / we have 

/ oo 

©A'/P 


j; =(Jr n Ti(f/r)) 


,n=0 


A = ( © Kft ) 

Moreover, we have 


(J7 nT-\U7)). 


K 74=0 


We set 
(4.8) 


T-\J 7 n T t (U 7 )) = j; n r-Rr/-). 
V, = U,/J„ 
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It is a Hopf algebra by Proposition 14.11 Denote by U° z , U±, U z °, U z °, 
•U° mf mf, u% ±1 (7 6 Qn the images of U«, Up Up, Up, »[/», 

^Uf°, ^Up°, U± ±1 under U z —> U z respectively. By the above argument 
we have 


U z 9* Ul 


= U,®ul® ul 


uf = ut <8, Z7° = U° ® ul 


*uf = ut ® ^ # f/° <g> Ul 


uf^u z ®Tf z ^Tf z ®u z , 
mf^u:®m° z ^tu° z ®u:, 



U° = 7 = © Kk„, 

= »t/» = © Vfc 7 , 


het>z 

76 Q 

and 



(4.9) 

U = © 4 ±r 

K±; = Vt±y/J}.± r 


76 Q+ 

By definition r 2 induces a bilinear form 

r z : #t/f° x # Z7f -A K 
such that for any 7 £ Q + its restriction 


i"z ,7 • U x U Z '_ry y I\ 

is non-degenerate. 

For A £ P and a t/ z -module V we set 

V x = {veV\ k h v = z^v (,h £ f)z)}. 

We define a category 0(U z ) as follows. Its objects are t/ z -modules V 
which satisfy 


(4.10) D = ®D A , dun 14 < 00 (A £ P), 

AeP 

and such that there exist finitely many Ai,..., A r £ P such that 


{AeP|U^{ 0 }}clJ(A i -Q+). 

k =1 

The morphisms are homomorphisms of t/ 2 -modules. 

We say that a [4-module V is integrable if V — 0 AgP V\ and for 
any v £ V there exists N > 0 such that for i £ / and n 4 N we 
have = fl^v = 0. We denote by O mt (U z ) the full subcategory of 
0(U z ) consisting of integrable f/ 2 -modules belonging to 0(U Z ). 

For each coset C = /i + QeP/Q we denote by Oc{U z ) the full sub¬ 
category of 0(U ~) consisting of V £ Oc{U z ) such that V = 0 AgC V\. 
We also set O l ^(U z ) = O c (U z ) D O int (U z ). Then we have 

(4.11) 0(U Z )= 0 O c (U z ), O int (U z )= © O^iUz). 

C&P/Q C&P/Q 
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For A G P we define M z ( A) 6 C4+q(£ 4) by 

M 2 (A) = U z / ( ^ U z (k h - z^) + £ F,* 

\/i€f)Z *G-f 

and for A G P + we define 14(A) G O l ffq(U z ) by 

v z {\) = u z /(y, Uzih - z {x ’ h) ) + £ ^ + Y v zti {x ’ hi)+1) 

\het) Z iei iei 

Let A G P. A L4-module 4 is called a highest weight module with 
highest weight A if there exists v G V\ \ {0} such that V = U z v and 
xv = e(x)v (x G U z ). Then we have V G (D\ + q(U z ). A t/ 2 -module 
is a highest weight module with highest weight A if and only if it is a 
non-zero quotient of M z ( A). If there exists an integrable highest weight 
module with highest weight A, then we have A G P + . For A G P + a 
f/ 2 -module is an integrable highest weight module with highest weight 
A if and only if it is a non-zero quotient of 14(A). 

For V G 0(U Z ) we define its formal character by 

ch(V) = £ dimVxe(A) G £. 

AeP 

We have 

ch(M 2 (A)) = e(A ]D~ l (A G P ), 

where 

IT 1 = ^ dimf7~_ 7 e(— 7 ) (A 6 P). 

1&Q+ 

For each coset C = n + Q G P/Q we fix a function fc '■ C Z such 
that 

fcW ~ fc(^ ~ a i) — 2(A,4) (A gC,*g /). 

REMARK 4.3. The function fc is unique up to addition of a constant 
function. If we extend ( , ) : E x E Q to a IT-invariant symmetric 
bilinear form on f)*, then fc is given by 

fcW — (A + p, A + p) + a (A G C) 

for some a G Q. 

For 7 G Q + let C 7 G U+ <S> U z be the canonical element of the 
non-degenerate bilinear form r 2>7 . Following Drinfeld we set 

a, = (m o (S ® 1 ) o P)(C,) 6 

where m : U z <S) f / 2 —* f / 2 and P\ U z ®U z ^rU z ®U z are given by 
m(a,b ) = ab, P(a®b) = b®a (see [121 Section 3.2], [TTJ Section 6.1]). 
Let C G P/Q. For V G Oc{U z ) we define a linear map 

(4.12) Q : V ->■ y 
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by 

n(v) = z fcW X Q i v ( v e V\)- 

7 SQ+ 

This operator is called the quantum Casimir operator. As in [121 Sec¬ 
tion 3.2] we have the following. 

Proposition 4.4. Let C E P/Q. For A E C the operator D acts on 
M~( A) as z f °PP\d. 


Since z is not a root of 1, we have 


z fc{ a ) _ z fc(jj) 


fcW — fM- 


5. Main results 

For ta E W and x = ]Cagp c ac(A) G £ we set 

tax = c\e(w\), ta o x = c\e(w o A). 

AeP agp 

The elements tax, ta o x may not belong to £; however, we will only 
consider the case where tax, ta o x E £. 

We denote by sgn : IT —* {±1} the character given by sgn(sj) = —1 
for i £ /. 

Proposition 5.1. For any w E W we have w o D = sgn(ta)ZA. 

Proof. We may assume that ta = s* for i E /. Define /A,. D, G £ by 

D = (1 - e(-cq))A, F> = (1 - e(-Q' i ))D i . 

Then we have ZA, = n Q eA+\{«;}^ — e(—a)) m “. Moreover, by Lemma 
13.21 Lemma 14.21 and (14.9(1 we have 

Dp = V dim(C /-_ 7 n Ti(U-))e(-~t) 

7 GQ+ 

= X] dim(t/^-7 n 7t- 1 ([/ 2 -)) e (— 7 ), 

7GQ+ 

A 1 = A _1 - E 

7GQ+ 

=D~' - E dim(J “_ 7 fl T, - 1 (t/“))e(— 7 ). 

760+ 
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By Si o D = —(1 — e(—ai))siDi we have only to show SiDi = D{. By 
Lemma [4.21 we have 

Si ( Y dim ( J ^-7 n T i( u z))e(- 7)) 

7 GQ+ 

= Y dim ( J z nTi(C/“_ t ))e(-7) 

7GQ+ 

= Y dim( J “_ 7 fl T“ 1 ([/“))e(— 7 ), 

7€Q+ 

and hence the assertion follows from Sj-D,; = Di. □ 

Proposition 5.2. Let A e P + . Assume thatV is an integrable highest 
weight U z -module with highest weight A. Then we have 

ch(V) = Yj sgn(iu) ch (M z (w o A)). 

wGW 

PROOF. The proof below is the same as the one for Lie algebras in Kac 
[Si Theorem 10.4], 

Set C = A + Q E P/Q. Similarly to p, Proposition 9.8] we have 

(5.1) ch(V) = Y c^oh.(M z (ii)) (c (1 6Z,c a = 1). 

^X-Q+,fcM=fc( A) 

Multiplying (15.ip by D we obtain 

Dch(V)= Y c Av)- 

AieA-Q+,/oO*)=/o(A) 

Using the action of T % (i El) on V we see that inch(U) = ch(U) for 
w E W, and hence w o (Dch(U)) = sgn(w)D ch(U) for any w E W. It 
follows that 

(5.2) c M = sgn(w)c wou (nE A - Q + , w EW). 

Assume that h E A — Q + satisfies 7^ 0. By (15.21) W o fj, c A — Q + , 
and hence we can take // e VU o /j, such that lit (A — ///) is minimal, 
where ht(£T 771*0:*) = Then we have (//,/q) A 0 for any i E I 

by Sj o h' — h' ~ ((/T, hi) + l)o* and (15.2p . Namely, we have // G P + - 
Then by [6], Lemma 10.3] we obtain // = A. □ 

REMARK 5.3. I. Heckenberger pointed out to me that Proposition 15.21 
also follows from the existence of the BGG resolution of integrable 
highest weight modules of quantized enveloping algebras given in [5j 

Recall that any integrable highest weight module V with highest 
weight A is a quotient of V z (\). Proposition 15.21 tells us that its char¬ 
acter ch(V) only depends on A. It follows that any integrable highest 
weight module with highest weight A is isomorphic to 14(A). 
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Consider the case A = 0. Since 14(0) is the trivial one-dimensional 
module, we obtain the identity 



in £ by Proposition 15.21 On the other hand by the corresponding result 
for the Kac-Moody Lie algebra we have 



It follows that U z _ 1 = U z for any 7 G Q + . By dim U z _ 1 = dim I/+ 7 

and the non-degeneracy of r Z)7 we also have E/+ — for any 7 G Q + . 
We have obtained the following results. 

Theorem 5.4. The Drinfeld pairing 

r Z;7 : f/+ 7 x C/-_ 7 -A K 

is non-degenerate for any 7 G Q + . 

Theorem 5.5. Let A G P + . Assume that V is an integrable highest 
weight U z -module with highest weight A. Then we have 

ch(V) = .D -1 sgn(w)e(w o A). 

wGW 

By Theorem 15.41 we can define the quantum Casimir operator O for 
U z . As in Em Section 6.2] we have the following. 

Theorem 5.6. Any object of O mt (U z ) is a direct sum 0 /14(A)’s for 
AgP+. 

By Theorem 15.41 we have the following. 

Theorem 5.7. Let 7 G Q + . Pafce bases { x r } and {y s } of U£ and 
respectively, and set f 1 = det(r^ (x r , y s )) r , s - Then we have / 7 G 
A x . Namely, we have 

/ 7 = ±<f A* 1 ''' /v 1 * 

where a G Z, and f\ ,..., ,/v G Z[g] are cyclotomic polynomials. 

Proof. We can write / 7 = mgh , where m G Z >0 , g G Z[g] is a prim¬ 
itive polynomial with g(0) > 0 whose irreducible factor is not cyclo¬ 
tomic, and h G A x . Note that for any held K and z G /i x which is 
not a root of 1, the specialization of / 7 with respect to the ring homo¬ 
morphism A —> K (q 1 —y z) is non-zero by Theorem 15.41 Hence we see 
easily that m — 1 and g — 1. □ 






18 


TOSHIYUKI TANISAKI 


In the finite case Theorem |5.7| is well-known (see 1, 0, HB). 

In the affine case this is a consequence of Damiani 0. a. where 

det(r^ (x r , y s )) r ,s is determined explicitly by a case-by-case calcula¬ 
tion. 
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